WEST BENGAL STy yNIVERSITY
B.Sc. Honours/Programme 3rq B ecter Examination, 2022-23

MTMHGECO3T/MTMGCORO3T. 5 THEMATICS (GE3/DSC3)

Time Allotted: 2 Hours

The figures in the margiy i gicate full marks.

Candidates should answer in their own words and adhere to the word limit as practicable.

All symbols are of ygyqy significance.

Answer Question No. 1 and any five from the rest

Answer any five questions:

State the Archimedean property of R.
(b) Find the cluster points of the set
={1-11+ —11 11 41
S={1,-115,-15,1 14,3,

2) 37

(c) Find the greatest lower bound of the set S ={_5_ ‘ne N}.

n

13 23 33 n3
—t+—+—++—>.
n4 n4 n4 n4

W the convergence of the series Z—l—

= n(n+1)

(zf)/F ind the radius of convergence of

2205 31,
—2—2—+3—3x +F.X S RALLEL .

Mt the convergence of the series

= 1
ZSH’I-’;.

n=l1

(H/Give an example of a Cauchy sequence with proper justification.

(i) Show that Zz_sm_xn is uniformly convergent for all real x.
n nx

2. (@) Ifx,y € Rwith x>0, y>0 then prove that there exists a natural number »

such that ny > x .

(b) Let A be a non empty bounded above subset of R. Let

B={-x:xe 4}

Show that B is a non empty bounded below subset of R and

inf B=-sup4.
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3. (@ Let 4 and B be subsets of R 80 that 4 C B. Let x be a cluster point of 4. Sho ‘

that x is a cluster point of B.

() Show that 1 and —1 are imit points Of the got.

S = (’l)m‘*%:m, ne N}

/4,- (‘37 Justify that Z is a countable set.
(6) Show that the open interval (0; 1) 1s an uncountable set.

S. A(’vaShow that the sequence {x,} is MONOtOne increasing, where 5
-
L.+l
X, =1+22 totog forall neN

Hence show that the sequence {%,} is convergent.

n -
%ly Cauchy’s criterion for_convergence to show that the sequence { w1l S 3
convergent.
6. (a) Show that the series 4

i 3:6-9---3n) .»
£47.10-13--Gn+4)

converges if 0 < x <1 and diverges if x > 1.

(b) Examine the convergence of the series 4
N —1y-t. 2n+1 .
nz=:‘( ) nn+1)
7. (a) Show that an absolutely convergent series is convergent. 4

(b) Give an example of a convergent series which is not absolutely convergent.

n
(c) Show that the sequence { T—H} is a Cauchy sequence. 3
8. 44) Show that the sequence of functions {f,}, where forall ne N, 4
Ju(x) = X , x=20
1+ x"
is pointwise convergent on [0, ) but is not uniformly convergent on [0, ).
(}) Examine uniform convergence of the sequence of functions {f,} on [0, 2], where : 4

forall ne N,

fn(x)=1':j, xe [0, 2].
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9. (a) Show that the series Z(I X)x" is not uniformly convergent on [0, 1].
n=0

(b W1th proper justification, show that llmz coske -1,
x—aO k + 1) 2

10.44) Find the radius of convergence of the power series

S 13'5(2’7"]) n
;2‘5‘8.-.(3n_1)x

(b) Use the fact that

1 _% "
i ,,Z=:( D" V|x|<1
to obtain the power series of 1
(1+x)>}
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WEST BENGAL STATE UNIVERSITY

B.Sc. Honours/Programme 3rd Semester Examination, 2021-22

MTMHGECO03T/MTMGCORO3T-MATHEMATICS (GE3/DSC3)
REAL ANALYSIS
Time Allotted: 2 Hours Full Marks: 50

The figures in the margin indicate full marks.
Candidates should answer in their own words and adhere to the word limit as practicable.
All symbols are of usual significance.

Answer Question No. 1 and any five from the rest

I. Answer any five questions from the following: 2x5=10

(a) Find the least upper bound of the set S = {% +% : P, q€E N}.

(b) Prove that N is not bounded above.
(c) Show that 0 is a cluster point of the set S :{

(d) Show that lim#%/n =1.

n—yoo

: neN}.

=

oo | 2
(e) Examine the convergence of the series z ((’; '))' .
n=1 n):

(D Examine whether the sequence of functions {f,} converges uniformly on R,
where for all ne N,
fu(x)=4% , forall xeR.

(8) Show that the series z %

> 1 uniformly convergent on R.

o n+n'x
: : . o= D',
(h) Find the radius of convergence of the power series z — x".
n=1 n
(1) Show that the sequence {%} is a Cauchy sequence.
2. (a) IfSis a non empty subset of R and also bounded below then prove that S has an 3
infimum.
(b) Show that the subset S={xe@Q : x>0, x> <2} is a non empty subset of Q, 5
bounded below; but inf .S does not belong to Q.
3. (a) Show that 0 is a limit point of the set {x: 0 <x <1}. 2
(b) Find all limit points of the set of all rational numbers Q.
(c) Prove that Z is not bounded below. 3
4. (a) Prove that the set of all open intervals having rational end points is enumerable. 4
2
2022
(b) Show that the sequence {%} converges to 1. 4
n
3228 1
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5. (a)

(b)

(b)

(b)

(b)

10.(a)

(b)

3228

Show that the sequence {x,} is monotone increasing, where
x, =1+1+ . +% for all ne N

Hence show that the sequence {x,} is not convergent.

Apply Cauchy’s criterion for convergence to show that the sequence {x,} is
convergent, where

oo n
) X
Let xe R. Show that the series Z—n converges absolutely.
n=11

(_l)n—l

Examine the convergence of the series z .
n(n+1)

n=1

Discuss the convergence of the series ZI/ n?, p>0.

Let f,(x)=x", x€[0,1]. Show that the sequence of function {f,} is not
uniformly convergent on [0, 1].

Let fn(x):mce_"x2 , x€[0,1], ne N. Show that the sequence {f,} is not
uniformly convergent on [0, 1].

: X
Prove that the series Z—z

> Is uniformly convergent for all real x.

n+n°x
x? x?
Show that the series x” + >+ S5 e is not uniformly convergent
I+x° (1+x7)

on [0, 1].

Let f: R — R be uniformly continuous on R. For each neN, let
f,0)=f (x+%) , x€ R. Prove that the sequence {f,} is uniformly convergent
on R.

: u
If {u,} be asequence of real numbers and Zuf is convergent prove that ZT”

is absolutely convergent.
If {x,} and {y,} are Cauchy sequences then prove that,

(1 {x,+y,} is a Cauchy sequence

(1) {x,y,} 1s a Cauchy sequence.

N.B. : Students have to complete submission of their Answer Scripts through E-mail / Whatsapp to
their own respective colleges on the same day / date of examination within 1 hour after
end of exam. University / College authorities will not be held responsible for wrong
submission (at in proper address). Students are strongly advised not to submit multiple
copies of the same answer script.
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WEST BENGAL STATE UNIVERSITY
B.Sc. Honours/Programme 3rd Semester Examination, 2020, held in 2021

MTMHGEC03T/MTMGCORO03T-MATHEMATICS (GE3/DSC3)
REAL ANALYSIS

Time Allotted: 2 Hours Full Marks: 50

The figures in the margin indicate full marks.
Candidates should answer in their own words and adhere to the word limit as practicable.
All symbols are of usual significance.

Answer Question No. 1 and any five from the rest

1. Answer any five questions from the following: 2x5=10

(@) Let A =R be a non empty set. When is A said to be bounded above? What do
you mean by the least upper bound of A ?

(b) Give an example of a bounded above subset E of R for which sup E is not a limit
point of E.

(©) Show that the sequence { 3nn +11 } is bounded.
+

n
(d) Examine the convergence of the sequence {(gj }

(6) Show that the series Zan converges, where

n=1
a, = 2n+3 , VneN
2n(n+1) (n+3)
. . & 2"n!
(f) Examine the convergence of the series .
n-1 N

(9) Examine whether the sequence of functions {f.} converges uniformly on R,
where for all neN,

2
fn(x)zxT . XeR,

o 2
(h) Show that the series Z C;Sé( is uniformly convergent on R.
n=1 N

3228 1 Turn Over
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() 1s > 27"cos (3"x) a continuous function on R? Justify your answer.
n=1

(J) Find the radius of convergence of the power series

12 12
x+(2') x2+(3') x3 +
41 6!

2. (a) Find the least upper bound and greatest lower bound of 2+2
S={xeR : 3x?*-10x+3<0}

(b) Let S be a non empty bounded subset of R and let T be a non empty subset of S. 2+2
Show T is a bounded subset of R. Further show that

inf S<infT and supT <supS

3. (a) State and prove the Archimedean property of R. 1+3
(b) Find the least upper bound and greatest lower bound of 2+2
S:{é, 45 67 8 }
2 3 4 56 7
4. (a) Justify that the set of integers Z has no cluster point. 2
(b) Justify that a finite subset of R has no cluster point.
(c) Show that 1 and —1 are limit points of the set 4

S:{(—l)m+1 ; m, NeN }
n

5. (a) Define a bijective map f: N — Z to show that Z is countably infinite. Justify 4
your answer.
(b) Show that [0, 1] is an uncountable set. 4

6. (a) Prove that limit of a convergent sequence is unique.

(b) Let x>0. Prove that lim x¥" =1.

n—o0

7. (a) Examine the monotonicity of the sequence {x,}, where 2+2+1

_2n-1
3n+4

forall neN.

n

Hence determine the convergence of {x,}. If the sequence {x,} converges, find
its limit.

3228 2
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o n+1| .
(b) Use Cauchy’s criterion for convergence to show that the sequence {—} is 8
n

convergent.

1

[e) n .
8. (a) Let xeR. Show that n;)x = i IxI <1 5
b s (_n_Y
. - . 3
(b) Examine the convergence of the series nzﬂ (Zn +1)
9. (a) Show that if the series Zak is absolutely convergent, then Zak IS convergent. 4+2
k=1 k=1

Give an example, with justifications, to show that the converse may not be true.

()"

0 n
(b) Examine the convergence of the series > )2 . 2
n=1 N
10.(a) Show that the sequence of functions {f,}, where for all neN, 4
2,2
n°x
f.(X)=———= , x>0
n() 1+n3x®
is pointwise convergent on [0, o) but is not uniformly convergent on [0, ).
(b) Show that the sequence of functions {f,}, where for all neN, 4
nx ; 0<x< L
n
1:n (X) =
1 ; 1 <x<1
n
is pointwise convergent on [0, 1] but is not uniformly convergent on [0, 1].
11.(a) Show that the series Z % is uniformly convergent on R. 3
n=1 N L+ nx9)
(b) Show that the series Z f,(X) where 5
n=1
nx (n=Dx

f,(x)= , xe€[0, 1]

14n?x2 1+ (n—-1)2x2

is not uniformly convergent on [0, 1] but it can still be integrated term by term
over [0, 1].

3228 3 Turn Over
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12.(a) Show that the series Z (1—x)x" is not uniformly convergent on [0, 1].
n=0

(b) Show that the series > INX converges uniformly for all real values of x.
n=1
Further, if f(x) is the sum function of this series, then show that

') =Y X forall xeR.
n=1

13.(a) Find the radius of convergence of the power series

1-3-5--(20-1) ,
< 2.4.6---(2n)

(b) Use the fact that

M

>
I

h_y? < 2.4.6---(2n)

to obtain the power series of sin~}(x).

"V | x|<1

1 "> 1-3-5--(20-1) »
n=

N.B. : Students have to complete submission of their Answer Scripts through E-mail / Whatsapp to
their own respective colleges on the same day / date of examination within 1 hour after
end of exam. University / College authorities will not be held responsible for wrong
submission (at in proper address). Students are strongly advised not to submit multiple
copies of the same answer script.
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WEST BENGAL STATE UNIVERSITY |
B.Sc. Honours/Programme 3rd Semester Examination, 2019

MTMHGECO03T/MTMGCORO03T-MATHEMATICS (GE3/DSC3)

REAL ANALYSIS
Time Allotted: 2 Hours Full Marks: 50

The figures in the margin indicate full marks.
Candidates should answer in their own words and adhere to the word limit as practicable.
All symbols are of usual significance.

Answer Question No. 1 and any five from the rest

1. Answer any five questions from the following:

]
”«
n
I
—
(>
—

(a) Express real line in terms of a set.

(b) Justify that every real number is a cluster point of Q, where Q is the set of
rational numbers.

(¢) Show that every bounded sequence is not convergent.
(d) Show that pointwise convergence may not imply uniform convergence.
- . =N
(€) Test the convergence of the series } —-.
an

n=] =

() Find the limit function f(x) of the sequence | /.} where
fix)=—n, x20
1+ nx
(g) Use Weierstrass’ M-test to show that the series

5230

—n £3
converges uniformly in [-2, 2]
(h) Find the radius of convergence of the power series

ac

PEE

|
n=1 1

t2

(a) State and prove Archimedean property of R.

(b) Let A4 be anon empty bounded above subset of R. Let
—A={-x: x€ A}.

Show that — 4 is anon empty bounded below subset of R and inf(—-A4) = —sup A.

3. (a) Show that N is unbounded above.

(b) Prove that the open interval (0, 1) is uncountable.

4. (a) Does every infinite subset of real numbers have
your answer.

(b) Does every bounded subset of real numbers
Justify your answer.

at least one cluster point? Justify 2

have at least one cluster point? 2

228
3 Tum Over



(c) Find the cluster points of the set

S:{ (-l)”+'f~j£: neN }
n+1

ntl
5. (a) Show that the sequence {( 1+ -—} } is a monotone decreasing sequence and find 4
n
its limit.
(b) Show that limx, =1, where 4
|
X, = 1 + : ot VneN
i+l n?+2 n+n
6. (a) Test the convergence of the series 4
o _ 2
n° -1
z >— x", where x #1,
n=l N+
(b) Test the convergence of the series 4
Z(_l)n_l ) 2n+1
o n(n+1)

7. (a) State and prove Cauchy’s first theorem.

(b) Find the limit function f(x) of the sequence { f,} where forall neN,
fx)=—2—, 0<x<1
1+n"x
Also show that the sequence { f, (x)} is not uniformly convergent on [0, 1].

8. (a) Use Cauchy’s general principle of convergence to show that the sequence 4

n |.
is convergent.
n+1

(b) Find the sum function of the series
x* + x* + 2 + i oo
1+x*  1+x*)  1+x*°
where 0<x<1. Hence state with reason whether the series is uniformly
convergent on [0, 1].

2+2

9. (a) Find the radius of convergence of the power series
2B+
n=0
(b) Assuming the power series expansion
] @

—=) (-1)"x" fi 1

T ;( )'x" for | x|<1,
2 A

show that log(I+x)=x—%+x——£~+ ------ : |=|=l.

3 4

X,
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